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LOI NOI PAU

Cuon gido trinh "Phuong trinh dao ham riéng tuyén tinh" dugc
viét dua trén cac bai giang cua tac gia cho hé dao tao Sau dai hoc
trong mot s6 nam tai khoa Toan - Tin, Truong Dai hoc Su pham
Ha Noi. Muc dich cua cudn sach la trang bi cho nguoi hoc nhiing
kién thiic co ban ctia Phuong trinh dao ham riéng hién dai. Do
vay, cuon sach dugc viét thanh bon chuong va mot phan phu luc.
Cu6i moéi chuong déu c¢6 mot hé thong bai tap nham gitp ngudi
hoc cling ¢6 va khac sau phan 1y thuyét cia chuong.

Chuong I gidp ngudi hoc ndm dugc cac khai niém co ban nhat
dé c6 thé ti€p can v6i phuong phdp nghién cttu ba loai phuong
trinh "Elliptic, Parabolic va Hyperbolic" theo quan diém hién dai
[1,2,5,7-9, 18, 19, 29, 43, 61, 76-78, 80, 95]. Mot trong nhiing
khai niém co ban ctia phuong trinh dao ham riéng hién dai la
nghiém suy rong, tic 1a nghiém "tho" ldc dau va la nghiém "kha
gan" v6i nghiém hau khép hoidc nghiém c6 dién. Sau d6, nho cic
cong cu cua giai tich ham, ta 1am cho nghiém suy rong dan dén
dugc nghiém thong thuong. V6i muc dich do, cac chuong II, 111
va IV duoc trinh bay trudc hét 1a su ton tai va duy nhat nghiém
suy rong cua cac bai toan bién va bai toan Cauchy. Ti€p theo la
xét xem khi nao nghiém suy rong tr& thanh nghiém thong thuong,
tic di nghién ctu tinh tron cua nghiém suy rong [10, 21, 29-33,
46-49, 59, 60, 63, 93, 94]. Tuy nhién, van dé nay dén nay van
chua dugc giai quyét tron ven. Van dé vé tinh tron clia nghiém
suy rong mai chi dugc giai quyét co ban cho cac bai toan cla
phuong trinh dao ham riéng trong mién véi bién tron va bai toan
Elliptic trong mién v6i bién tuy y [44, 48, 50-59], con cdc bai
toan bién doi v6i phuong trinh Parabolic hay Hyperbolic trong
cac mién tru ma ddy 1a mién véi bién khong tron van con la vén



dé thach thitc cdc nha todn hoc hién nay. Phan phu luc nhdm gitip
ngudi hoc nhin khai quat vé ba loai phuong trinh dao ham riéng,
& d6 chiing toi trinh bay cdc két qué ndi tiéng vé bai toan Elliptic
vGi tham bién trong mién véi bién tron [45] va bai toan Elliptic
trong mién v6i diém géc [11-17, 34, 35, 37, 38, 64-74, 81, 84, 91,
92]. Ngoai ra, chiing toi cling gidi thi¢u phuong trinh Parabolic
theo Petrovsky va trinh bay mot s6 két qua, cling nhu cac hudng
nghién ctu cdc bai todn bién doi v6i hé khong dung trong mién
tru v6i ddy 1a mién khong tron [3, 4, 6, 22-28, 36, 39-42, 62, 75,
79, 82, 83, 85-90].

Cuon sach nay duoc viét nham phuc vu chu yéu cho hé dao
tao Thac si cua khoa Toan-Tin, Truong Pai hoc Su pham Ha Noi.
Tuy nhién, né c6 thé dung lam gio trinh chuyén dé cho sinh vién
nam cudi thuoc chuyén nganh Toan cua cac truong dai hoc hoac
cac doc gia muon tim hiéu vé phuong trinh dao ham riéng hién
dai. Dac biét, cudn sdch c6 thé dugc xem nhu mot tai liéu chuyén
khéo vé cdc bai todn dimg va khong dimg trong cdc mién véi bién
khong tron.

Cuon sach duoc viét khong tranh khoi nhitng thi€u sét. Tac
gia mong nhan duoc cac y kié€n dong gdp cua cac nha Toan hoc,
cac ban dong nghiép va cac doc gia gan xa. Moi ¥ kién dong gép
xin gui vé dia chi: "Seminar phuong trinh dao ham riéng, bo6 mon
Giai tich, khoa Toan-Tin, Truong Pai hoc Su pham Ha Noi". Tac
gia xin chan thanh cam on.

Tac gia

Nguyén Manh Hung
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DANH MUC KI HIEU

Trong toan bo cudn sach, trir cac truong hop dac biét duge
nd6i rd & moéi muc, con lai st dung céc ki hiéu sau:

e R"lakhong gian Euclide n—chiéu, z = (zq, ..., x,) € R™.
Cho hai diém =,y € R", z = (z1,....,2,), ¥y = (Y1, ..., Yn), tich
vO huéng dugce xac dinh boi cong thic

n
Ty = szyz
i=1

va khoang cach giira ching dugc xac dinh bdi cong thiic

[z —y| = (i(f’f - yi)2) 1/2.

=1

e () la mot mién trong R™, titc 1a mot tap m& lién thong, véi
bien 0. Q = QU IN. Néu Q' C Q sao cho ¥ C €, thi ta viét
O cca.

Giast 0 < T < oo. Ki hieu Qr = Q x (0,T) = {(z,t) :
re€Q, te(0,7)}1atry trong R". Mat xung quanh ctia n6 12
Sp =00 x (0,T) ={(z,t): z €90, t € (0,T)}.

e a=(ay,...,a,)lakihiéudachiso véia; 1a cic s6 nguyén
khong am, |a| = a1 + ... + a,,. Giasu € = (&4, ..., &,) € R™. Khi
d6 £* = £77...£0m. Dao ham (suy rong) cép « duoc ki hiéu la

olal
pr=—po—_—9
T Ot 0o

= 0ol /98 ..oz,
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Dac biét,

0 0
vo (20
3x1 al'n
Trudng hop (z,t) € Qr, dé chi dao ham (suy rong) cép k theo
bién ¢ ta viét
o k 1 ak

e Gia ciia mot ham 1a bao déng cta tap hop tat ca cdc diém
ma ham d6 khéc khong va ki hiéu 1a supp . Ki hiéu C*(2) 1a tap
hop tat ca cac ham c6 cac dao ham lién tuc dén cép k trong mién
Q, 0 <k < oo, CUN) = C(Q), va CF(Q) = C(Q) N CkQ),
& d6 C'(2) 1a tap hop tat ca cac ham lién tuc trong €2 va c6 gia
compact thuoc €.

o L,(9), 1 <p < oo, lakhong gian bao gom tat ca cic
ham u(x) kha tong cip p theo Lebesgue trong 2 véi chudn

1/p
|z, = (/|u|pda:) .
)

e L.(Q) la khong gian bao gom tit ca cdc ham u(x) do
duoc theo Lebesgue va bi chan hau khap trén € v6i chudn

|u|| L) = esssup |u(z)|.
e

e L,(Qr) 1a khong gian v6i chuin

A 1/2
fillsson = ([ Tl
0

e WJ'(Q2) la khong gian bao gom tat ca cic ham u(x) €
Ly(£2), sao cho Du(x) € Ly(2) v6i moi |a| < m va ¢6 chudn
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duoc xac dinh boi cong thiic

1/2

\04 0q

Wi () 1a bao déng cta CO"(Q) trong chudn ctia W ().
o VV2 (@) 1a khong gian bao gom tét ci cac ham u(z, t)
Ls(Qr), sao cho ton tai cac dao ham suy rong theo x dén cép m
thuoc Ly (Qr) va theo ¢ dén cép [ thuoc Lo(Q7) v6i chudn sau:

lull iy ( > 0/\D“u|2dxdt+2/’ak ) "

e W35 (Qr) 1a bao déng trong khong gian W3 (Qr) cha
tap hop tat ca cdc ham u(x, t) thuoc C*(Qr) sao cho u(z,t) =0
khi (z,t) € Q% = {(x,t) € Qr : dist{(x,t),Sr} <}, § 1aso
duong da bé.

Ki hiéu r = || 12 khoang céch tir diém x dén goc toa do. Ta
c6 cac khong gian ham sau:

o W%Z(QT) 12 khong gian v6i chudn dugc xdc dinh boi

el or) = > [ e DYl dudt

la[=0g),.

I
Ok |2
3 o
kZOQT
o W3%(Qr) 1a khong gian véi chudn

lullwy, @r ( > [ s m>\pa@“)dxdt)

‘Ot|+k} OQT
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e V3(Qr) 1a khong gian bao gom cdc ham v € W, *(Qr)
v6i chuén

|ulgr = ess sup [ju(z, )]l + [[Vul Lo
0<t<T

e V,"°(Qr) lakhong gian bao gom cic ham u(x,t) € Va(Qr),
sao cho

u(z,t + At) —u(x, t)| 1,0 — 0, At — 0,
vadéu voit € (0,7).

o V5" (Qr)=V2"(Qr) N W5 (Qr).
e H;(R") la khong gian lam ddy ctia C*°(R") trong chuén

lul

1/2
wn = ( [+ igerera) L sew

Rn

0 d6 u(¢) 1a phép bién déi Fourier cia ham u(z), r € R™.

o Wi Y2(Rr1) = H; Y*(R) 1a khong gian vét cha céc
ham thugc W3 (R") trén mot mat phang x,, = ¢ nao do.

Ki hiéu I 1a mot khoang bat ki trén R!, c6 thé hitu han hoac
vo han. Gia st « 1a phan s6 duong, [«] 1a ki hiéu phan nguyén
cta . Ta c6 cac khong gian ham sau:

e HZ(I) l1a khong gian lam ddy cua tap tat ca cdc ham kha
vi vo han trén R? duoc thu hep trén I theo chuén

[a]
sz = (- / o
k=0

a[a (t)/otled — oled ( )/otlel|? 1/2
+// e agat) "
1
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e Hy*(Q;),11as6 nguyén khong am, Q; = Q x I 1a khong
gian bao gom tét ca cdc ham u(x, t) € HS(I) v6i hau khap x €
va u(z,t) € W(Q) v6i hau khap ¢ € I. Chudn trong khong gian
nay duogc cho bdi cong thirc

1/2
g = [ Nallgapdt+ [ Tulgne) ™
1 Q

e HL™(S;), 1126 nguyen khong am, S; = 9 x I, 1a khong
gian vét clia cdc ham u(z,t) € HY*(Q;) v6i chudn

/2
ol s / bt + |3 lelasinds)

o0 J=1

N
& day 1 = > ¢, 1a phan hoach don vi.

J=1
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Chuong I
KHONG GIAN SOBOLEV

§1. Khong gian Sobolev

1.1. Trung binh hoa

Gia st 0(x) la mot ham khong am thuoc C*°(R™) sao cho
0(z) = 6(—=x), (z) = 0 néu |z| > 1 va [ G(z) = 1. Him
R"
0(z) dugc goi 1a nhdn trung binh héa. Dé chi ra vi du, ta c6 thé
lay ham sau:

o(x) Cexp(—ﬁ), lz| < 1,
0(z) =0, lz| > 1,

v6i hing s6 C' duoc chon thich hop.
Néu ham u € L,(£2), p > 1, thi ham

w() =1 [0(* 7Y )ulwiy

Q

dugc xdc dinh trong R™ va tron vo han. N6 dugc goi la trung binh
héa hay ham trung binh ctia ham wu.

Pinh li 1.1. Gid st ham w € L,(Q2) voi p > 1. Khi do
lim flun —ul[r, @) =0.
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Chiing minh. Dat u(z) = 0 d6i v6i x € R™\(2. Khi dé,

up(x) = h"/@(x ; y)u(y)dy = /G(Z)U(x + hz)dz.

Bai vay,
up(x) —u(z) = /0(2)[u(x + hz) — u(x)|dz,
lup(z) —u(z)|P < C / |u(x + hz) — u(z)Pdz.
|z]<1

Sau khi 14y tich phan bat dang thiic nay theo x va ddi thit tu 14y
tich phan nh¢o Dinh 1i Fubini ta nhan duoc

/\uh —u(x)|Pdr < C’/dz/\ux—i—hz —u(x)Pdz.

|z|<1

Do tinh lién tuc toan cuc (x. [19]) cia ham thuoc khong gian
L,(Q), p > 1, tich phan sau cung din dén khong khi h — 0.
Dinh 1i duoc chitng minh.

Pinh li 1.2. Néu f,g € L(Q), thi

[ faygtards - / e

Chirng minh. Theo dinh nghia trung binh héa, ta c6

/ ful@)g(w)de = h / (/ o(“ ) st )dy) (¢)da
e /f dy/ d:c—/f 2)gn(

Dinh 1i du(jc ching rmnh.
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1.2. Pao ham suy rong

Gia str 2 1a mot mién trong khong gian R™. Mot ham v(z) €
Ly(€2) duge goi la dao ham suy réng cap « cia ham u(z) €
L1(2) néu

/ u(w) D (x)dr = (—1)° / v(@)(e)d

Q Q

véimoiy € C®(Q),6d6 o = (aq, ..., ), |a| = a1 +. ..+ ay.

Tir cong thitc Green ¢6 dién suy ra mot ham v(x) ¢6 dao ham
thong thuong lién tuc cap « thi né cé dao ham suy rong cap «.
Tur dinh nghia dao ham suy rong rit ra ham v(z) c¢6 khong qua
mot dao ham suy rong.

Mot ham ¢6 dao ham suy rong c6 thé khong c6 dao ham theo
nghia thong thudng. D€ 1am vi du ta 1ay v(z) = |z|,x € (=1, 1).
Ré kiém tra duoc ham v(x) ¢6 dao ham suy rong trong khoang
(—1,1). Tuy nhién, ham nay khong c¢6 dao ham thong thudng tai
diém z = 0.

Mot ham c¢6 dao ham suy rong cdp « trong mién €2 thi né
cling ¢6 dao ham suy rong cép « trong mién ' C €. That vay,
Gia str u(x) c¢6 dao ham suy rong trong mién 2 1a ham v(z) va

() 1a mot ham bat ki thuoc C*°(2'), €' 1a mién con cua 2. Khi

coi ¢(z) = 0 v6i x € O\’ ta nhan dugc (z) € C*(Q). Ta c6
hé thuc:

/ (@) D) — / w(z) D () da

Q Q

= (—1)a'/v(:c)w(x)d:r = (=1)l /U($)¢($)d$.

Q Q
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Tur d6 ta nhan dugc u(z) ¢6 dao ham suy rong trong mién {2’ ciing
chinh 1a ham v(x). Pao ham suy rong trong mién ' dugc goi la
thu hep clia dao ham suy rong trong €2 vao (.

C6 thé kiém tra dugc ring: D’y = D*(D%v), aD%; +
bD*vy = D*(avy + bug), & d6 a va b 1a cdc hang so tuy .

Tir dinh nghia cua dao ham suy rong thdy ngay dugc dao ham
suy rong khong phu thudc vao thi tu 14y dao ham. N6i chung,
dao ham suy rong bao toan dugc nhicu tinh chat cua dao ham
theo nghia thong thudng. Tuy nhién khong phéi tét c4, chang han
tir su ton tai dao ham suy rong cip « khong suy ra dugc su ton
tai dao ham suy rong cap nho hon «.

Ta di xét mot dinh 1i v€ su lién hé gitta dao ham suy rong va
trung binh héa.

Pinh li 1.3. Gid sii ) la mot mién trong khong gian R™, €Y la
mién con cua ), sao cho khodng cdch giiia €Y va 9 bang d > 0.
Khi dé, doivoi 0 < h < dvax €, ta cé

(D%u)p(x) = D%y ().

Chitng minh. Do 0 < h < dvaz € /, con ham 0((x —y)/h) €

C>(§2) doi v6i = € €, nén khi st dung dinh nghia dao ham suy
rong, ta nhan dugc

D%uy(x) :Dah_”/é’(I ; y)u(y)dy

h’n

la»me(fc utsy

=h™" 0

h yu(y)dy = (D%u)p(z).

[
[
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Dinh 1i duoc chitng minh.

Bay gio ta di xét truong hgp n = 1 va cac moi lién hé giita
dao ham suy rong, dao ham thong thuong va tinh lién tuc tuyét
d6i cia mot ham trén mot khoang hitu han (a, b). Ta nhd lai rang,
mot ham f(x) lién tuc tuyét doi trén khoang (a, b) néu ton tai mot
ham kha téng g(x) trén doan nay, sao cho

x

f(z) = /g(t)dt+const, x € (a,b).

a

Dinh 1{ sau day néi 1én moi lién hé gitra tinh lién tuc tuyét doi
va dao ham theo nghia thong thuong cua mot ham. Ching minh
Dinh i nay c6 thé xem nhu bai tap.

Pinh li 1.4. Gid sit f(x) lién tuc tuyét doi trén khodng hitu

han (a,b). Khi dé ton tai dao ham thong thuong f'(x) hdu khdp
trong (a,b). Hon nita, f'(x) la ham khd tong trén (a,b) va

fla) = s+ [ i

Pinh i 1.5. Néu ham f(z) lién tuc tuyét doi trén mot khodng
hitu han (a,b), thi né cé dao ham suy rong trén khodng nay.

Chitng minh. Gid st ¢ € C*°(a,b). Khi d6 f1 ciing 1a ham
lién tuc tuyét doi trén khoang (a, b). Theo Dinh 1i 1.4 cac ham f
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va (f1) c6 dao ham thong thudng hiu khap trong (a,b) va

b

/ﬂmww:/U@MWW—/ﬂwwm

a a

b
:—/jwwww

Do d6, f'(x) 1a dao ham suy rong cua f(z) trong (a,b). Dinh 1f
dugc chung minh.
Céc diéu khang dinh nguoc lai duoc xét trong dinh 1f sau.

Pinh li 1.6. Gid sur f(x) ¢6 dao ham suy rong trén khodng
hitu han (a,b). Khi dé f(x) la ham lién tuc tuyét doi trén khodng
(a,b) va hdu khdp trong khodng (a,b) né cé dao ham theo nghia
thong thuong f'(z).

Ching minh. Gia st f ¢6 dao ham suy rong la f; trong
khoang (a,b). Khi d6 f; € Li(a,b). Gia st g € C*(a,b) va
b
[ g(t)dt = 1. Dat

wwzﬂm—/ﬁ@ﬁ+a

0 d6 C 1a hang s6 dugc chon sao cho:

[ ettt =o
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Khi d6 v6i méi ¢(x) € C*(a, b) ta c6

/b () ()t = /b Pty (t)dt — /b / fu()dty! () da
/ F(t0 ()t + / f()

Pat 0(z) — (z) — g(x) [V({)dt. Ta 6 6(x) € C>(a,b) va

a
b

J 6(t)dt = 0. Ta nhan dugc

x

0, (z) = / 8(t)dt € C=(a,b),

b b b

/@(x)w(x)dx = /go(x)e(a:)da: = /go(a:)ei(a:)da::()

a a a

v6i moi, 1 (z) € Cooo(a, b).Dodé p(z) = 0va f(z ff1 t)dt—

C, & day C' = const, tic 1a f 1a ham lién tuc tuye;t doi va
f'(x) = fi(z) hau khép trong (a, b). Pinh 1i dugc ching minh.

1.3. Khong gian W*(Q2),1 <p < o0

Khong gian W"(€2) 1a khong gian bao gom tat cd cdc ham
u(z) € L,(€), sao cho ton tai cic dao ham suy rong moi cép
a, |a| < m, thuoe L,() va duge trang bi chuén

[ellwyr @) = < > /‘Dau(ﬂf)\pdx)l/p- (1.1)

lal<m @
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Pinh li 1.7. Gid su Q) la moét mién trong R™ va m > 0,
1 < p < oo. Khi dé W(Q2) la mot khong gian Banach.

Chitng minh. Dé kiém tra dugc W, (€2) 1a mot khong gian
tuyén tinh dinh chuén v6i chudn (1.1). Bay gio ta chiing minh n6
la khong gian day. Gia sk {u;}32, 1a ddy Cauchy trong W*(€2),
tic 1a v6i moi s6 tu nhién k:

Z |D*(uj — ujyg)|Pde — 0, j — oo.

‘O‘ng

Doi v6i moi a diy {Du;}52, 1a day Cauchy trong L, (€2).
Béi vi L,(2) 1a khong gian déy, nén ton tai mot ham u, € L,(12)
sao cho

/\Dauj—ua|pda:—>0,j—>oo. (1.2)
Q

bac biét ug € L,(Q2), tic la
/ |uj — up|Pdxr — 0,7 — oo. (1.3)
Q
Theo dinh nghia dao ham suy rong cap «, ta c6 hé thic
/ u; D*da = (—1) / Dujipdr,Vip € C®(Q).  (1.4)
Q Q
Tir (1.2) va (1.3) suy ra c6 thé chuyén qua gi6i han déng thiic

(1.4) khi j — oo. K&t qua ta nhan duoc

/ wD dz = (~1)l! / uatbda, Vi € C2(9).

Q Q
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Diéu d6 ching to rang, u, 1a dao ham suy rong cap « ctia ham
ug trong mién € va

Ju; — UOHW;L(Q) — 0,7 — o0,
Dinh 1i dugc ching minh.

Ta xét van dé xap xi mot ham thuoc khong gian 1V (€2) bang
cac ham thugc C*°(1Q2).

Pinh li 1.8. Gid sit Q la mot mién thuéc R™ va QU la mién
con ctia §) sao cho Q¥ CC Q. Néuu € W (Q), thi

1. - m Ny — .
lim [[up, = ullwyr () = 0
Chirng minh. Do Dinh 1i 1.3, ta c6

[T T /|Da(uh—u)‘de)l/p

al<m oy
s L, (A9
:( Z /|(Dau)h—D°‘u|pd;E> .
‘O‘|<mﬂ/
bit v, = D%. Tu Dinh 1i 1.1 ta nhan dugc
/|(va)h—va\pda:—>0, h — 0. (1.6)
Q/

Tur day va (1.5) nhan dugc
Huh — UHWF(Q/) — 0, h — 0.

Dinh 1i dugc ching minh.
Mot mién Q thuoc R™ duoc goi 1 mién sao d6i véi diém xg,
néu véi méi diém x € (2, doan thang ndi z, véi = ciing thuoc
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mién Q. Truong hop dac biét, mién 16i 1a mién sao d6i vGi moi
diém thuoc mién do.

Pinh 1i 1.9. Néu Q la mién sao trong R™, thi khong gian

C>(Q) tri mdt trong W"(€).

Chiing minh. Gia st {2 1a mién sao trong R"™ d6i vé6i goc toa
do. Neu u € W(Q2), thi ham u(Ax) dugc xdc dinh trong €2, =
{r € R" : Az € Q} vau(Ar) € W)(Qy), 6 d6 A = const < 1.
Hon nita, v6i moi € > 0 ton tai mot s6 d(e) sao cho

Ju(e) = (@) gy <2 A= 1] < 3(e).
Mait khéc, tu Dinh 1i 1.8 ta c6

lim [[un(Az) = u(Az)[[wyp ) = 0.
Do d6,

lim [lun (Az) = u(@)[lwp@) <e.

Boi vi up(Ar) € C*(Q2), nén C*°(€2) tri mat trong W)™ ($2). Dinh
1i dugc ching minh.

Dinh 1i 1.10. Gid sir ) la mot mién 16i bi chdn trong R™ va
la tdp con cua S ¢6 do do duong. Gid sitrang u € Wpl(Q), p> 1.
Khi do

)
/\u\pda: <C /|u|pda:
n (€2
J i 1)Ql

+ CLd(Q)] P ()] / Vultda,
Q

d do d(2) la duong kinh cia mién Q, u,, la dé do Lebesgue n-
chiéu, C' la hang so khong phu thudc vao ham u(x).
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Ching minh. Bdi vi {2 1a mién 16i, nén €2 1a mién sao. Do vay,
C>(Q) trit mat trong khong gian W, (€2). Tir d6 chi cin chiing
minh bt déng thiic trong Dinh 1f d6i v6i ham u € C>(Q).

Ta c6

|z—y|
u(z) —u(y) = / %dt

& d6 x, yla cdc diém tuy y trong 2, 9/0v 1a dao ham theo huéng
(r — y)/|z — y|, con dt 1a phan tir do dai. Nho bat dang thic
Holder ta nhan dugc

I(z,y)
\mww<cmww+cm—ywl/vay+mwa

0

& d6 I(x,y) 1a do dai clia doan noi diém y va diém giao cha O
VG tia xuat phét tir y va ¢ phuong 1a (z — y)/|z — y|. Tich phan
bat déng thic nay theo x € ). Két qua la

[Vu(z)”

[ @rr < Cn@utup + cagy = [ DL

Bay gid 1y tich phan theo y € Q; bat déng thiic nhan dugc, ta c6

ﬂuwm«w /m\w
+Cd(Q)" P 1/\Vu \pdz/| =,
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Mat khic,

/Ll < / Ll n / Ll
|z —y|"~ |z —y|"~ |z —y[n=
931 lz—y|<s |z—y|>s,y€

<swy, + Slinﬂn(Ql)

v6i moi s > 0, & d6 w,, 1a dién tich mat cau don vi trong R™. Dat
s = p,(21)Y™ ta nhan dugc két qua ctia Pinh 1i. Pinh 1f dugc
ching minh.

Dinh Ii sau day miéu ta su thdc trién mot ham thuoc W (€2)
ra mot mién rong hon.

Dinh li 1.11. Gid sir 11 la mét hinh hop trong R™ -

N={reR": —a; <z;<a;,j=1,...,n}
vau € Wr(IT),p > 1. Khi dé ton tai mot ham u, € W' (R™),
sao cho uy(x) = u(x) véi moi x € Tl va
suppui(z) CII; = {z € R": —2a; < xj; <2a;,j=1,...,n}.
Hon nita,
[ur (2) lwr ey < Cllule) lwany,

d dé C' la hang s6 khong phu thuéc vao ham u(z).

Chirng minh. bat

m—1
i1
uy(z) = E aju(—a; — 2777wy, x0, .., Tp)
Jj=0
doi v6i —2ay < 71 < —ay,—a; < x; < aj,j = 2,...,n. Cic

hang s6 «; théa man

3

aj(=1)F27 R0 — 1 £ =0,1,...,m — 1.

<.
Il
o
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Day 1a mot hé dai s6 véi dinh thitc khac khong nén né ¢6 nghiém.
Nhu vay, ta da xac dinh dugc ham wu, trong hinh hop

I={zeR": -2a; <1 < —a1,—a; <x; <aj,j=2,...,n}.

Hon nira,
Jur (@) lwm ey < Cillu@)|[we .

& d6 C; 1a hiang s6 khong phu thugc vao w. Chd y thém rang,
up € C™H(IT') néu u € C™(II). Ciing 1am nhu vay ta c6 thé
thdc trién duoc ham u ra cdc phia khdc cta hop II. Dinh 1i duoc
ching minh.

Cédch théc trién da 1am trong ching minh Dinh Ii ¢6 tén 1a
thdc trién Whitney.

1.4. Khong gian W 2(2), 1 <p<oo
Khong gian V?/Z%(Q) v6i 1 < p < oo la bao déng cua COO(Q)
trong chudn ctia khong gian W;“(Q)

Dinh li 1.12 (Friedrichs). Gid su §2 la mot mién bi chdn trong
R™. Khi dé ton tai mot hang s6 Cq phu thudc vao 2, sao cho

o [ 12
J

1/p

vdi moi ham u € VCE/}D(Q)

Ching minh. Gia st v € C*°(Q) va gia st  ndm trong dai
J={x€eR":a <z <b}. Patu(x) = 0 bén ngoai 2. Khi dé

z1

u(w) = / 3u(t,a:2((;t. . ’In)dt.

a
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Do do,

b
u(z)| </’au(t’x28’?;"’x") dt

va nho bt dang thitc Holder ta nhan duoc

b
[u(z)” < (b— a)p/q/ ‘au(tv‘x% ey D) |P

dt
ot ’

& d6 p, g 1a cac s6 sao cho 1/p + 1/g = 1. Sau khi 18y tich phan
ca hai vé& clia bat dang thiic nay trén J ta nhan duoc két luan cla
Dinh 1f d6i v6i moi ham u € C(Q).

Bdi vi khong gian TW () 1a 1am déy ctia C*°(€2) trong chudn
cta W, (), nén két luan cua Dinh Ii ciing ding cho moi ham
u € W(Q). Dinh i dugc ching minh.

Bay gio ta di xét mot s6 tinh chét ciia cac ham trong cac khong
gian Sobolev.

Dinh li 1.13. Gid sir u(x) € W;*(Q),p > 1 va supp u(x)
CC Q. Khi doé u(x) € W7H().

Chiing minh. Gia st u;(z) 1a trung binh héa clia ham u(x).
B&i vi up(x) kha vi vo han véi gid compact. Hon nira, gia su
up(x) — u(w) trong khong gian W) (€2) khi & — 0. Tir d6 nhan
duoc diéu khang Dinh ctia Dinh 1i. Dinh 1i dugc chiing minh.

Tir dinh nghia khong gian WW7'(€2) va Dinh 1i 1.13 ta suy ra
dinh 1i sau.

Dinh li 1.14. Khong gian W7 (R™) va W*(R") tring nhau.

Chitng minh. Gia st u(z) € W*(R") va (t) € C=(R")
la ham sao cho 0(t) = 1 véit < 1 vaf(t) = 0véit > 2. bat
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ug(x) = u(x)f(]z| — k). Khi doé

S [ 10w — wypdz < © / " [Deufpdz — 0

lo|<Smpgn 2| >k+1 loIsm

khi & — co. Do Dinh Ii 1.13 ham u(x) € W7 (R") v6i moi k.
Tur day suy ra u(r) € W(R"). Dinh Ii dugc chiing minh.

1.5. Khong gian W.," ’Z(QT)

Gia st 2 1a mot mién trong R" va T' = const > 0. Ki hiéu
Qr=0x(0,T)={(z,t): ©€Q, t€(0,7)} va goindlarru
VGi chiéu cao T va ddy Q.

W' (Qr) 1a khong gian bao gom tat ca cdc ham u(x,t) €
Ls(Qr), sao cho ton tai tit ca cac dao ham suy rong theo x dén
cap m va theo t dén cép [ thuoc Ly(Qr), trong né trang bi chuin

l Fu
HUHWQm’l(QT) = ( Z /‘Dau|2d$dt+2/)W
k=1

lalsme. T Qr

1/2

2dxdt>

(1.7)
Truong hop [ = 0, s6 hang tht hai trong v€ phai cia (1.7) coi
nhu khong c6.

Khong khé khian c6 thé kiém tra duge W, (Qr) 1a mot khong
gian Banach. Hon nira, n6 la khong gian Hilbert vé6i tich vo huéng
dugc sinh tir chuén (1.7).

W15 (Qr) 1a khong gian con chia W5 (Qr), bao gbém tit ca
cdc ham u(z, t) thuoc W™ (Qr) va bing khong gan bien S =
99 x (0,T). Piéu d6 c6 nghia 13, u(x,t) € Wi"(Qr) khi va
chi khi ton tai mot day {uy(z,t)}p2, C C®(Qr), uk(x,t) =0
khi (z,t) € Q) = {(x,t) € Qr : dist{(z,t),Sr} <}, 5 1aso
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duong dii bé, va uy, — u trong Wy (Qr) khi k — co. W5 (Qr)
cling 1a mot khong gian Hilbert.

§2. Phép bién doi Fourier

2.1. Phép bién doi Fourier trong khong gian
Schwartz

Ki hiéu S la tap hop tat ca cic ham u(z) € C*°(R™) sao cho
véi moi k£ va « ta co

(1+|z|*)*| Du(z)| < Ck, a,

& d6 Cy o chi phu thudc vao k£ va a. Su hoi tu trong S dugc
xdc dinh nhu sau: mot day {u,,(x)}5_, C S duge goi 1a hoi tu
dén ham u(z) néu day {(1 + |x|*)* D%, (x)}°_; hoi tu déu dén
(1+|2|*)* D*u(z) khi m — oo. Khi d6 S dugc goi 1a khong gian
Schwartz. .

Tu dinh nghia khong gian Schwartz suy ra C>*°(R™) C S.
Ngoai ra, véi méi da thic P(z) ta c6 e 1*I” P(z) thuoc S. Néu
u(x) € S, thi

ue) = / u(z)e " dx 2.1)
Rn
duogc goi 1a phép bién doi Fourier cha ham u(z), 6 day z€ =

> x;&;. Ngudi ta con dung ki hieu F,_cu dé chi rd phép bién

J=1
déi Fourier chuyén bién z thanh bién €.

B6 dé 2.1. Néu u(z) € S, thi u(é) € S.
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Chitng minh. Da6i v6i méi « ta ¢6

Du() = /(—z’x)au(x)emédx.

Bai vi [£]**Detu(€) :an(—ia:)au(a:)(—A)ke*”&da:. Mat khic,
/ (—iz) u(z)(=A) e " dr = / (—A)F[(—iz) u(x)]e " da,

6d6 A = 3" 9%/9x%, nén |£[*| D < C}, . Tir d6 ta nhan duge
j=1
u € S. Bo dé duogc ching minh.

Pinh li 2.1 (Phép bién d6i Fourier ngugc). Poi véi mdi ham
u(z) € S ¢6 cong thiic

u(w) = (2m)" / (E) e de
Rn
Chirng minh. Trudc tién ta di ching minh chon = 1. Ta c¢6
+oo 4o

/ zx&df / / ztfdt) zx&df
N
— i(z—t)€
= / ]\}LI}clxa e’ (t)dtd¢
ezN(xft) _ sz(x t)
= lim , u(t)dt
N—oo i(z —1)
Fsin N(z —
—92 lim wu(t)dt. 2.2)

—00



